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2consequently 
r < 1, by requiring global hyperbolicity
one ensures that the velocity of the rotating frame is less
than the velocity of light. It should also be remarked
that as S ! , r ! 0 and 
r ! 1. That is, on the
\chronology horizon" ( = S) the corresponding cylin-
drical spacetime collapses to its axis and the associated
rotating frame reaches the velocity of light.
As long as  > S, i.e. the spacetime is globally hy-
perbolic, one can implement quantization in any of the
frames considered above [corresponding to Eqs. (2), (6),
and (7)], since the time coordinates are genuine global
times (in the sense that they parametrize Cauchy sur-
faces) and the corresponding time translation Killing vec-
tors are globally timelike. The usual procedure to quan-
tize a scalar eld (x) reveals that these frames have
identical sets of normal modes, and therefore identical
vacuum states (which is not surprising since there is no
event horizon involved [9]). It is clear from Eqs. (7)
and (8) that the set of normal modes is that associated
with a cylindrical two-dimensional spacetime, which is
well known in the literature [10, 11].
The Hadamard function corresponding to the eld
modes appearing in Eq. (4.1) of Ref. [10] [with ! =
(k
2
+m
2
)
1=2
] can be cast as
G
(1)
(x; x
0
) =
1
mL
 
1
4
ln
n
4 [cos(2t=L)  cos(2x=L)]
2
o
; (10)
where t := t   t
0
, x := x   x
0
, and a small mass
m was taken into account to prevent the usual infrared
divergence [in fact mL << 1 has been considered and,
accordingly, higher powers of mL were omitted in Eq.
(10)]. Incidentally one may check that the massless con-
tribution in Eq. (10) reproduces Eq. (4.23) in Ref. [10].
A quick examination of Eqs. (9) and (10) shows
that G
(1)
(x; x
0
) diverges when  = S. As the vacuum
uctuations h
2
(x)i can be formally obtained from the
Hadamard function [10, 12], i.e.,
h
2
(x)i = lim
x
0
!x
1
2
G
(1)
(x; x
0
); (11)
one may wonder whether h
2
(x)i itself diverges on the
\chronology horizon". That is indeed the case as the
following calculations show.
As the background is at, the ultraviolet divergence
arising in Eq. (11) can be cured simply by removing the
contribution in Minkowski spacetime. It follows from Eq.
(10) that its short distance behavior is given by
G
(1)
(x; x
0
) =
1
mL
 
1
2
ln(4
2
jj=L
2
); (12)
where  := (t)
2
  (x)
2
. The Minkowski contribution
is given by [10]
G
(1)
0
(x; x
0
) =  
1
2

ln(m
2
jj=4) + 2

; (13)
with  denoting the Euler constant. By subtracting Eq.
(13) from Eq. (12) before taking the limit in Eq. (11),
one nds that
h
2
(x)i =
1
2mL
+
1
2
[ln(mL=4) + ] ; (14)
where the usual infrared divergence (m = 0) and the
chronology divergence (L = 0) have identical structures.
It should also be pointed out that the vacuum uctua-
tions lose reality when Eq. (14) is naively used when
 < S [cf. Eq. (9)].
The procedure outlined above can be extended to eval-
uate vacuum expectation values of other quantities such
as the components of the energy momentum tensor. The
energy density, the pressure, and the momentum density
are given, respectively, by  =6L
2
+m=2L,  =6L
2
, and
0, with respect to the frame corresponding to Eq. (7)
[10, 11]. By evoking Eq. (9) one sees that the energy
momentum tensor also diverges on the \chronology hori-
zon". (It is worth remarking that the spin S does not in-
duce momentumdensity, which is reasonable since S 6= 0
aects L only.)
Considerations on a certain \time-helical" structure
[13] are in order. By redening the time coordinate ac-
cording to
T :=  + S' (15)
Eq. (2) can be recast in Minkowski form,
ds
2
= dT
2
  dX
2
; (16)
where X := '. Observing Eqs. (3) and (15), it follows
that
(T;X)  (T + 2S; X + L) ; (17)
with L := 2. Equations (16) and (17) should be com-
pared with Eqs. (7) and (8), respectively. The main dif-
ference is that T satises an unusual identication, giving
rise to a \time-helical" structure.
The time coordinates T and t are related by [cf. Eq.
(5)]
T =
t   V x
p
1  V
2
; (18)
where V :=  
r. If x were to label points on the line
Eq. (18) would be identied as a genuine Lorentz trans-
formation. Nevertheless, x labels points on the circle [cf.
3Eq. (8)] and Eq. (18) can only be considered as a Lorentz
transformation locally, i.e., when T , t, and x are replaced
by dT , dt, and dx, respectively. It turns out that (when
V 6= 0) the \helical time" T is locally Minkowski only,
whereas t is globally Minkowski.
The time coordinate T has been used in Ref. [5] to
quantize a scalar eld on the spinning circle. Although
the background is at, the corresponding two-point func-
tion presents (in addition to the usual at divergence)
short distance divergences containing the spin S as a fac-
tor. Such divergences certainly cannot be renormalized
away by subtracting the Minkowski contribution, and
one says that the two-point function does not have the
Hadamard form [12]. This unphysical feature is not sur-
prising if one recalls that the standard knowledge requires
a global time in implementing quantization. In fact, T
is not a global time, since constant values of T do not
parametrize Cauchy surfaces as long as S 6= 0 [cf. Eq.
(17)]. Therefore the results in Ref. [5] are spoiled by im-
proper use of T as a global time. [It should be mentioned
that improper use of \helical times" as global times may
also spoil results in other contexts. For instance, the use
of T as given by Eq. (18) to study the propagation of
light in a rotating frame yields results that contradict
well established experimental facts [14].]
Summarizing, this toy model illustrated in actual cal-
culations the relevance of global hyperbolicity for a con-
sistent quantization, and some consequences of the im-
proper use of \helical times" to address global issues.
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